The purpose of this paper is to study a class of differential᎐difference equations with two delays. First, we investigate the local stability of the zero solution of the equation by analyzing the corresponding characteristic equation of the linearized equation. General stability criteria involving the delays and the parameters are obtained. Second, by choosing one of the delays as a bifurcation parameter, we show that the equation exhibits the Hopf bifurcation. The stability of the bifurcating periodic solutions are determined by using the center manifold theorem and the normal form theory. Finally, as an example, we analyze a simple motor control equation with two delays. Our results improve some of the existing results on this equation. ᮊ
INTRODUCTION
In the last two decades, great attention has been paid to equations with multiple delays, which have significant biological and physical background. Consider the following equation with two delays Ž .
Ž . where , are positive constants, f 0, 0, 0 s 0, and f : R = R = R ª R 1 2 is continuously differentiable. Let yA , yA , and yA be the first 0 1 2 Ž . derivatives of f u , u , u with respect to u , u , and u evaluated at Ž . equilibrium N s 1r B q C . Let N t s N 1 q n t . Then Eq. 1.6 can be written as n t s y 1 q n t A n t y q A n t y , 1.7
Ž . Ž . Ž . Ž . Ž . Ž . 
U U
Ž . where A s RBN , A s RCN . Clearly, Eq. 1.5 is the linearized equa- 1 2 Ž . w x tion of 1.7 at n s 0. Braddock and van den Driessche 6 describe some Ž . linear stability regions for Eq. 1.7 . They find that the two delay terms are equally important and observe stable limit cycles when r is large. In w x Ž . and obtain some limit cycle solutions. Nussbaum 25 The proof of the following lemma can be found in Cooke and van den w x w x Driessche 10 ; see also Cooke and Grossman 9 . Ž . Ž .
Ž . a contradiction. Thus, all roots of Eq. 2.2 must have negative real parts.
Ž .
Applying Lemmas 2.3 and 2.4 to Eq. 1.5 , we have the following results Ž . about the local stability of the zero solution of Eq. 1.1 .
Ž . THEOREM 2.5. For Eq. 1.1 under the assumption 1.4 , we ha¨e Ž . Ž . Ž . i for any ) r2 A with / 2 j q r2 rA js 1, 2, . . . 
1.1 is asymptotically stable.
THE HOPF BIFURCATION
Ž . In this section, we shall study the Hopf bifurcation of Eq. 1.1 by choosing one of the delays as a bifurcation parameter. First, we would like Ž . Ž . to know when Eq. 2.2 has purely imaginary roots "i ) 0 . Clearly, if Ž . Ž . Ž . "i are roots of Eq. 2.2 , then 2.5 and hence 2.6 holds. We shall Ž . Ž . Ž . consider three cases: a A s A rA ) 1; b A -1; and c A s 1.
Ž . In this case, the function g defined by 2.6 has the following Ž . properties see Fig. 3 .1 :
Ž . w . 1 g is strictly monotonically increasing and convex on 0, qϱ Ž . Ž . and lim g s yϱ, lim g s qϱ;
Ž .
Clearly, g intersects sin r only in the rectangle bounded by 1 Ž . y s "1 and s A " 1; that means, if Eq. 2.2 has purely imaginary w x roots " , then g A y 1, A q 1 . 0 0 Ž . The above properties of g can be summarized into the following lemma. 
ha¨e strictly negati¨e parts.
Clearly, when A ) 1 and r G 0, Eq. 3.1 has neither purely imaginary 1 roots nor roots with positive real part; the lemma thus follows. 5 For r -, since A ) 1, it follows that Ž . Ž . purely imaginary roots. On the other hand, if 2.2 has a root with < < positive real part, then we must have -2 q A. Denote 
We Ž . 
Ž . It follows from 2.5 that Ž . Fig. 3.2 we can see that solutions lie in 1 y A, 1 q A . Also, from Fig. 3.2 Ž . we can see that, when r G 0 is sufficiently small, sin r and g do not 1 1
Ž . intersect; when r G
, sin r and g intersect at least twice. Set negative real parts. The definition of r 0 also implies that, when r s r 0 , "i is a unique 2 22 Ž . pair of purely imaginary roots of Eq. Ž . be the solution of Eq. 2.2 satisfying
Similar to the proof of Lemma 3.5, we can prove the following lemma. . If r g , r , then
, it follows that Eq. 2.6 has at least one Ž .
cos r s cos r . Ž . 2.2a has a unique pair of simply purely imaginary roots, all other roots have strictly negative real parts and the transversality condition is satisfied.
We should mention that the result of the case when A s A was also 1 2 w x w x obtained by Ruiz Claeyssen 26 and Hale 14 .
Ž . Applying Lemmas 3.13 and 3.14 to Eq. 1.1 , we obtain the following theorem. 
STABILITY OF THE HOPF BIFURCATION
In this section, we shall use the normal form theory introduced in w x Hassard et al. 18 to study the stability of the bifurcating periodic solutions.
Without loss of generality, assume ) 0 and define the phase space 1 2 as w x C s C y , 0 , R Ž .
1
< < < Ž .< associated with the norm s sup for g C. Ž . q2 a x t y x t y Ž . Ž . 
Ž .
i jk exhibits the Hopf bifurcation. Denote s 0 q . In the following we 2 2 shall regard as the bifurcation parameter. For g C, define
Ž . Ž .
½ F , , s 0.
Ž .
Ž . Then Eq. 4.1 can be written as Ž . Ž . Due to its complexity, the local and Hopf bifurcation analysis for scalar delay᎐differential equations with two delays is far from complete and many researchers have tried to fill in some ''piece of the puzzle'' of the two Ž w x. delay problem Belair and Campbell 1 .
